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Abstract
A unified linear tearing-mode formulation is given incorporating both resistivity and Hall
effects. A variational method is used that appears to be best suited to deal with the diffi-
culties peculiar to the triple-deck structure associated with the Hall resistive tearing mode
but also to lead to a convenient analytical dispersion relation for the Hall resisitive tearing
mode.
This analytical dispersion relation -
• recovers the Furth-Killeen-Rosenbluth [15] result for the resistive branch;
• gives a growth rate for the Hall branch which appears to be consistent with the growth
rate of the electron-inertia driven tearing mode given previously (Coppi [19]);
• recovers the scaling relation for the transition from the resisitive regime to the Hall
regime numerically established by Fitzpatrick [20] in a driven Hall resistive reconnection
situation.
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1 Introduction
Fast magnetic reconnection processes in laboratory (ex. sawtooth collapse in tokamak dis-
charges) and space (ex: solar flares and magnetospheric substorms) can be described using
collisionless plasma models (Yamada et al.[1], Shibata [2] and Nishida [3]). Collisionless
plasma processes cannot be described in terms of a single-fluid formulation of resistive MHD.
In a high-β collisionless plasma, on length scales shorter than the ion skin-depth di, the
electrons decouple from the ions and the electron dynamics is governed by Hall currents
(Sonnerup [4]) and the characteristic mode is the whistler wave. The dispersive nature of
the whistler wave leads to current-sheet broadening - this is confirmed by laboratory experi-
ments (Urrutia et al. [5]) and satellite observations at the magnetopause and the magnetotail
plasma sheet (Sonnerup et al. [6], Fairfield et al. [7]). The ensuing reconnection process is
therefore faster (Mandt et al. [8] and Biskamp et al. [9]). The reconnection rate is primarily
controlled by ions (which are decoupled from the electrons) and is independent of the mech-
anism that breaks the frozen-in condition of the magnetic field lines (resistivity or electron
inertia) - this was confirmed by numerical calculations (Birn et al. [10]).
Terasawa [11] considered the effect of the Hall current on the evolution of the resistive
tearing mode which is believed to play an important role in reconnection processes and
found that Hall effects enhance the tearing-mode growth rate. An important observation
made by Terasawa [11] in course of this investigation was that the Hall current leads to a
3D magnetic field structure although one may assume 2D for the spatial dependence of the
mode structure - the quadrupolar out-of-plane magnetic field pattern (which is a signature
of whistler-controlled dynamics) was confirmed by in situ measurements in the magnetotail
(Oieroset et al. [12]) and laboratory experiments (Ren et al. [13]). The Hall current was
found to nonlinearly couple the out-of-plane magnetic (as well as plasma velocity) field to
their otherwise autonomous planar field counterparts. However, the numerical procedure
used by Terasawa [11] to calculate the tearing mode growth rate did not afford reliable
determination of the scaling relations associated with this growth rate. The Hall resistive
tearing mode was also considered by Hassam [14] who applied, on the other hand, the Furth-
Killeen-Rosenbluth procedure for this problem and his treatment is restricted by several
assumptions -
• ions are cold,
• plasma flow in the non-ideal MHD region is negligible,
• constant - ψ (ψ being the stream function for the in-plane or poloidal magnetic field)
approximation.
Besides, it would appear that the existence of a triple-deck structure (borrowing the termi-
nology from boundary layer theory in fluid dynamics) in Hall resistive MHD comprising
• the ideal MHD region,
• The Hall layer,
• the resistive layer,
(another important observation made by Terasawa [11]) poses difficulties in implementing the
FKR procedure and producing a convenient analytical dispersion relation for this problem.
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A variational method (Hazeltine and Strauss [16] and Hazeltine and Ross [17]), on the
other hand, appears to be best suited to deal with the difficulties peculiar to the triple-
deck structure associated with the Hall resistive tearing mode. The present paper aims
at addressing this and shows that application of the variational method also leads to a
convenient and apparently sound analytical dispersion relation for the Hall resistive tearing
mode.
2 Governing Equations for Hall MHD
Consider an incompressible, two-fluid, quasi-neutral plasma. The governing equations for
this plasma dynamics are (in usual notation) -
nme
[
∂ve
∂t
+ (ve · ∇)ve
]
= −∇pe − ne(E+ 1
c
ve ×B) + neηJ (1)
nmi
[
∂vi
∂t
+ (vi · ∇)vi
]
= −∇pi + ne(E+ 1
c
vi ×B)− neηJ (2)
∇ · ve = 0 (3)
∇ · vi = 0 (4)
∇ ·B = 0 (5)
∇×B = 1
c
J (6)
∇× E = −1
c
∂B
∂t
(7)
where,
J ≡ ne(vi − ve). (8)
Neglecting electron inertia (me → 0), equations (1) and (2) can be combined to give an
ion equation of motion -
nmi
[
∂vi
∂t
+ (vi · ∇)vi
]
= −∇(pi + pe) + 1
c
J×B (9)
and a generalized Ohm’s law -
E+
1
c
vi ×B = ηJ+ 1
nec
J×B. (10)
Non-dimensionalize distance with respect to a typical length scale a, magnetic field with
respect to a typical magnetic field strength B0, time with respect to the reference Alfve´n
time τA ≡ a/VA0 where VA0 ≡ B0/
√
ρ and ρ ≡ min, and introduce the magnetic and velocity
stream functions according to
B = ∇ψ × iˆz + bˆiz
vi = ∇φ× iˆz + wiˆz
}
(11)
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and assume the physical quantities of interest have no variation along the z-direction. Equa-
tions (9) and (10), then yield
∂ψ
∂t
+ [ψ, φ] + σ[b, ψ] = ε∇2ψ (12)
∂b
∂t
+ [b, φ] + σ[ψ,∇2ψ] + [ψ,w] = ε∇2b (13)
∂
∂t
(∇2φ) + [∇2φ, φ] = [∇2ψ, ψ] (14)
∂w
∂t
+ [w, φ] = [b, ψ] (15)
where,
[A,B] ≡ ∇A×∇B · iˆz
σ ≡ di
a
, ε ≡ ηc
2τA
a2
.


3 Hall Resistive Tearing Modes
Let us write,
ψ = ψ0(x) + ψ1(x)e
ωt cos y (16)
φ = φ1(x)e
ωt sin y
b = b1(x)e
ωt sin y
w = w1(x)e
ωt cos y.
Equations (12) - (15) then give, on linearlizing in ψ1, φ1, b1, and w1,
ωψ1 − F (φ1 − σb1) = ε(ψ′′1 − ψ1) (17)
ωb1 + σF (ψ
′′
1
− ψ1) + Fw1 = ε(b′′1 − b1) (18)
− ω(φ′′
1
− φ1) = F (ψ′′1 − ψ1)− F ′′ψ1 (19)
ωw1 − Fb1 = 0 (20)
where primes denote differentiation with respect to x, and
ψ′
0
= −F. (21)
Near the magnetic neutral surface x = 0, where F ≈ x, and the flow and field gradients
become large, equations (17) - (20) become
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ωψ1 + xφ1 − σxb1 = εψ′′1 (22)
ωb1 − σxψ′′ = εb′′1 (23)
ωφ′′
1
= xψ′′
1
(24)
Equation (23) shows that b1 is an odd function of x (since ψ1 is an even function of x)
while (16) specifies that b1 is an odd function of y as well - this sets forth the quadrupolar
structure of the out-of-plane magnetic field crucial for Hall MHD.
We now use a variational method ([16] and [17]) to develop an analytical dispersion
relation for the Hall resistive tearing mode. On Fourier transforming the variables, according
to
Q(k) =
1√
2pi
∫
∞
−∞
e−ikxq(x)dx (25)
equations (22) - (24) give
ωΨ1 + iΦ
′
1
− σiB′
1
= −εk2Ψ1 (26)
ωB1 + iσ(k
2Ψ1)
′ = −εk2B1 (27)
ωk2Φ1 = i(k
2Ψ1)
′. (28)
Equations (26) - (28) can be combined into the self-adjoint form -
[(
1
ωk2
+
σ2
ω + εk2
)
J ′
]
′
−
(
ε+
ω
k2
)
J = 0 (29)
where,
J ≡ k2Ψ1. (30)
Equation (30) can be obtained by extremizing the bilinear functional
S =
∫
∞
−∞
[(
1
ωk2
+
σ2
ω + εk2
)
J ′
2
+
(
ε+
ω
k2
)
J2
]
dk. (31)
In order to obtain an analytical dispersion relation a´ la Rayleigh-Ritz, we use the following
trial function for J -
J = e−µk
2/2 (32)
This trial function corresponds to a shear-layer type magnetic-field profile with field re-
versal as is appropriate for the present situation. This trial function also corresponds to a
spatial structure that is in full agreement with the numerically calculated eigenfunction for
this problem by Terasawa[11].
Using (32), (31) becomes
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S =
√
pi
[(
ε+
µ2
ω
)
µ−
1
2 − 2ωµ 12
]
+
√
pi
σ2µ2
ε
[
µ−
1
2 −
√
piω
ε
e
µω
ε
{
1− erf
(√
µω
ε
)}]
.
(33)
In order to facilitate further devlopment with (33), it becomes necessary to simplify (33)
by restricting the trial-function parameter µ to values such that (µω/ε) ≫ 1. (33) then
becomes
S =
√
pi
[(
ε+
µ2
ω
)
µ−
1
2 − 2ωµ 12 + σ
2
2ω
µ
1
2
]
. (34)
The parameters µ and ω may then be determined by imposing the conditions -
S = 0 (35a)
∂S
∂µ
= 0 (35b)
which lead to
2µ2 + (σ2 − 4ω2)µ+ 2ωε = 0 (36)
6µ2 + (σ2 − 4ω2)µ− 2ωε = 0. (37)
Eliminating µ, equations (36) and (37) lead to the dispersion relation -
ω2 −√εω − σ
2
4
= 0. (38)
Rewriting (38) as
(
ω +
σ
2
)(
ω − σ
2
)
=
√
εω (39)
one observes that the stable and unstable Hall branches become coupled in the presence of
resistivity (ε 6= 0).1
According to (38), the resistive branch is given by the FKR result -
ω ∼ ε1/3 (40)
while the Hall branch is given by
ω ∼ σ. (41)
On recalling that the Hall current is simply the effect due to ion inertia, one observes that
(41) is apparently consistent with the previously found growth rate of the electron-inertia
driven tearing mode ω ∼ de (Coppi [19]).
1It may be noted that resistivity does similar coupling of the electron-inertia and electron-
compressibility branches of the collisionless tearing mode in a low-β plasma (Shivamoggi
[18]).
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Further, according to (40) and (41), the transition from the resisitive to the Hall branch
occurs for
σ ∼ ε1/3 (42)
in agreement with the scaling relation for the transition regime numerically established by
Fitzpatrick [20] in a driven Hall reconnection situation.
For a weak Hall effect, (38) gives
ω ≈ ε1/3 + 1
6
σ2ε1/6 (43)
which shows that the Hall effect enhances the tearing mode growth rate in agreement with
the numerically calculated result of Terasawa [11].
On the other hand, for a weak resistive effect, (38) gives
ω ≈ σ
2
+
√
ε
2σ
(44)
The ε1/2(or η1/2) dependence of the correction to the growth rate in the Hall-effect dominated
regime, indicated by (44) may be of some interest (Hassam [14] reported the same resistivity
dependence for the total growth rate, however).
4 Discussion
In recognition of the difficulties resulting from the triple-deck structure associated with the
Hall resistive tearing mode a variational method is used to formulate this problem. This
method turns out to be very well suited for this purpose and leads to a convenient analytical
dispersion relation for the Hall resistive tearing mode. This analytical dispersion relation -
• recovers the FKR [15] result for the resistive branch;
• gives a growth rate for the Hall branch which appears to be consistent with the growth
rate of the electron-inertia driven tearing mode given previously (Coppi [19]);
• recovers the sealing relation for the transition from the resistive regime to the Hall
regime numerically established by Fitzpatrick [20] in a driven Hall resistive reconnection
situation.
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